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We study spectral statistics of one-dimensional quasiperiodic systems at the metal-insulator transition. Sev-
eral types of spectral statistics are observed at the critical points, lines, and region. On the critical lines, we find
the bandwidth distributionPBswd around the origin(in the tail) to have the form ofPBswd,wafPBswd
,e−bwg

g sa ,b ,g.0d, while in the critical regionPBswd,w−a8 sa8.0d. We also find the level spacing dis-
tribution to follow an inverse power lawPGssd,s−d sd.0d.
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I. INTRODUCTION

The universality of statistical properties of the energy
spectrum is ubiquitously found in quantum physics[1], rang-
ing from quantum chaos[2] to quantum chromodynamics
[3]. In condensed matter physics, the metal-insulator(MI )
transition in disordered electron systems gives a notable ex-
ample of such universality. On the metallic side, the energy
level statistics can be described by random matrix theory
[4,5]. The level spacing distribution is close to the Wigner
surmise. The universality class is classified by the symmetry
of the system. On the insulating side the level spacing distri-
bution is Poissonian. At the critical point, different statistical
features emerge[6,7]. They are different from random matrix
theory and Poisson statistics. The universality of these statis-
tics dubbed “critical level statistics” is also classified by the
symmetry of the ensemble[8–13].

Quasiperiodic systems are other interesting ones showing
the MI transition. The universality of the transition has been
characterized by multifractal structures of bandwidths and
wave functions(see Ref.[14] for a review). The Harper
model [15–17] is obtained by gauge fixing of two-
dimensional electrons on the square lattice in a uniform mag-
netic field. In particular, the incommensurate limits of the
flux per plaquette, such as the inverse of the golden mean
s=s−1+Î5d /2, have been extensively studied. On the
atomic scale, the penetration of flux for each plaquette re-
quires an enormous strength of magnetic field, but nowadays
it is realized in the laboratory on a quantum dot lattice[18].

The quasiperiodic system can be seen as a system be-
tween “periodic” and “random,” thus giving an interesting
example of quantum “chaos.” Classically an open orbit
(separatrix) of equienergetic curves appears at the MI transi-
tion point. But the quantum transition cannot be understood
by classical considerations. It is not characterized by a single
energy band corresponding to the separatrix but the wave
functions for all the energy bands become critical with
power-law decay. The energy level statistics are different
from those of disordered systems. It is not close to the
Wigner surmise on the metallic side nor is it the Poisson
statistics seen on the insulating side[19]. Spectra of
quasiperiodic systems have a fractal structure[15,16], which
hinders established techniques used in the disordered case
such as “unfolding” from extracting universal properties of
fluctuations.

Recently, Evangelou and Pichard[20] investigated the
bandwidth distributionPBswd (w is the bandwidth) of the
one-dimensional Harper model at the incommensurate limit
of s. They found that it agrees with the semi-Poisson statis-
tics PBswd=4we−2w with the sub-Poisson number variance
S2sEd,const+xE sx,1d at the critical point. They argued
that it is related to the universal characterization of quantum
chaos.

Although this suggests that a characterization by level sta-
tistics is possible for the MI transitions of a larger class of
quasiperiodic systems, the universal appearance of the semi-
Poisson statistics may be questioned from the experience in
critical level statistics of disordered systems. In Ref.[8], it
has been suggested that the level spacing distribution
may be described by a more generalized formPssd
=Asae−bsg

sa ,b ,g.0d. Although this simple form is not
valid, the power-law behavior at the origin and the exponen-
tial decay in the tail(with g=1) have been observed in nu-
merical studies and classified according to the symmetry of
the system[9–13]. A similar rich structure of critical level
statistics should be expected for quasiperiodic systems.

Motivated by this idea, we investigate a generalization of
the Harper model, namely, the extended Harper model,
which is obtained from two-dimensional electrons on the
square lattice with next-nearest-neighbor hopping in a uni-
form magnetic field[21,22]. We find that such a rich struc-
ture indeed emerges for the critical level statistics of this

FIG. 1. (a) Transfer integrals and phases of the extended Harper
model[Eq. (9)] and(b) its phase diagram(see[21]). In region I the
wave function(spectrum) is extended(absolutely continuous) and
in region II it is localized(pure points). In region III and on the
three boundary lines, it is critical(singular continuous).
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extended model, but with some substantial modifications,
even for the case treated in[20]. We explain this variety of
critical level statistics by the quantum nature of the system.
The extended Harper model is considered as a single param-
eter deformation of the Harper model and contains the
Harper model as a special value of the parameter. The MI
transition point in the Harper model continues to a critical
line with the introduction of the deformation parameter and
the line extends to a critical area with increase in the param-
eter. Therefore, the extended model has the unique property
of perturbing the universal behavior at the MI transition
point.

II. MODEL

A. Harper model

The Harper model[23] is derived as a model for a two-
dimensional electron in a magnetic field and a periodic po-
tential. The Hamiltonian can be written in the form

H = txcosx + tycospx s1d

where

px = − 2piw
d

dx
s2d

is the variable conjugate to the coordinatex. The correspond-
ing model defined in a two-dimensional lattice is written as

H = txo
n,m

cn+1,m
† eun+1,m;n,mcn,m + tyo

n,m
cn,m+1

† eun,m+1;n,mcn,m + H . c.

s3d

wherecn,m is the annihilation operator of a lattice fermion at
a sitesn,md andoplaquetteurW=2pw is the magnetic flux around
a plaquette. Here we assume a uniform flux. We take the
Landau gauge, i.e.,un+1,m;n,m=0 andun,m+1;n,m=2pwn.

Let uCl be a single-particle state,

uCl = o
n,m

Csn,mdcn,m
† u0l. s4d

By actingH on uCl, we obtain the Schrödinger equation

txfCsn + 1,md + Csn − 1,mdg + tyfe−2piwnCsn,m+ 1d

+ e2piwnCsn,m− 1dg = ECsn,md. s5d

We consider anisotropy in hopping and set the transfer
integral in thex direction as 1, and that in they direction as
l. Since Eq.(5) is translationally invariant in they direction,
we may writeCsn,md=e−inmcn and we obtain

cn+1 + l coss2pnw + ndcn + cn−1 = Ecn. s6d

This describes a one-dimensional quasiperiodic system when
w is irrational. It is known[17] that if 0,l,2, all the
eigenstates are extended and if 2,l, all the eigenstates are
localized. At the transition pointl=2 the spectrum is singu-
lar continuous; moreover, the states are neither localized nor
extended. The phase diagram is shown in them=0 line of
Fig. 1(b).

B. Extended Harper model

The continuum version of the extended Harper model is

H = txcosx + tycospx + txycosspx − xd + tyxcosspx + xd.

s7d

The lattice version of the model is obtained with introduction
of next-nearest-neighbor hopping to the model(3). The
Hamiltonian is

H = txo
n,m

cn+1,m
† eun+1,m;n,mcn,m + tyo

n,m
cn,m+1

† eun,m+1;n,mcn,m

+ txyo
n,m

cn+1,m+1
† eun+1,m+1;n,mcn,m

+ tyxo
n,m

cn,m+1
† eun,m+1;n+1,mcn+1,m + H . c. s8d

We set nearest-neighbor hopping for the perpendicular direc-
tion as l, and next-nearest-neighbor hopping asm, where
nearest-neighbor hopping for the horizontal direction is set to
be unity. The corresponding single-electron Schrödinger
equation is

H1 + m cosF2pSn +
1

2
Dw + nGJcn+1 + l coss2pnw + ndcn

+ H1 + m cosF2pSn −
1

2
Dw + nGJcn−1 = Ecn. s9d

At m=0, this is reduced to the Harper model. The phase
diagram is shown in Fig. 1(b). The scaling property of the
bandwidths was studied in[21].

III. NUMERICAL ANALYSIS

A. Method

To investigate the incommensurate limit ofw→s, we use
the rational approximation ofw j =p/q where p and q are
relatively prime. We also setn=0 for simplicity. We will use
the Fibonacci sequencew j =Fj−1/Fj, where Fj is the Fi-
bonacci number satisfyingFj+1=Fj +Fj−1 with F0=1 and
F1=1. For rationalw j Eq. (9) reduces to aq3q matrix with
the boundary conditioncn+q=expsikqdcn, which is

H =1
l1 m1 0 ¯ 0 eikqm0

m1 l2 m2 0 ¯ 0

0 m2 l3 m3 0 ¯ 0

0 m3 l4 m4 0 … 0

A A � � � � � A
0 ¯ 0 mq−3 lq−2 mq−2 0

0 ¯ 0 mq−2 lq−1 mq−1

e−ikqmq 0 ¯ 0 mq−1 lq

2 ,

s10d

where ln=l coss2pnwd , mn=1+m cosf2psn+1/2dwg, and
the basis issc1,c2,… ,cnd.

Thek dependence of the energy bandsE is obtained from
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the consideration of the characteristic polynomial of Eq.
(10). According to Ref.[22], the k dependence arises only
from the constant term independent ofE. The term is pro-
portional to cosqk for fixed n. The extreme ofE is deter-
mined by the extreme of the constant term. Then the mini-
mum and maximum of each energy band are obtained at

eitherk=0 or p /q. Thus to obtain the bandwidths, we only
need to consider these two values.

If the matrix sizeq is an odd integer, the matrix can be
transformed to be tridiagonal by a simple base change[22].
The first transformation is just a rearrangement of the order
of the base andH is transformed to

H8 =1
ls ms−1 0 ¯ ¯ ¯ ¯ ¯ 0 ms

ms−1 ls−1 ms−2 0 ¯ ¯ 0

0 � � � � A
A � m2 l2 m1 0 ¯ A
0 ¯ 0 m1 l1 eikqm0 0 ¯ 0

0 ¯ 0 e−ikqmq lq mq−1 0 ¯ 0

0 ¯ 0 mq−1 lq−1 mq−2 0 0

A � � � � A
0 ¯ ¯ 0 ms+2 ls+2 ms+1

ms 0 ¯ ¯ ¯ ¯ ¯ 0 ms+1 ls+1

2 , s11d

wheres=sq−1d /2. We have used the following properties.
(i) Sincewn=p/q=Fn−1/Fn, the value oflq=l coss2pqwnd
is always equal to l. (ii ) l j =l coss2p jp /qd
=l cosf2ps−jdp/q+2ppg=l cosf2psq− jdp/qg=lq−j. (iii ) In
the same way,m j =mq−j−1.

We need the eigenvalues of matrix(10) for k=0 andk
=p /q. For these values,H8 becomes a real symmetric matrix
and can be transformed to a tridiagonal matrixHtrd as fol-
lows:

Htrd = P−1H8P s12d

where

P =







1
Î2

0 0 … 0 … 0 0
1
Î2

0
1
Î2

0 … 0 … 0
1
Î2

0

0 0 � � A � � 0 0

A A �

1
Î2

0
1
Î2

� A A

A A … 0 1 0 … A A

A A 0
1
Î2

0 −
1
Î2

0 A A

A � � 0 A 0 � � A

0
1
Î2

� A A A � −
1
Î2

0

1
Î2

0 … … 0 … … 0 −
1
Î2







s13d

and P−1=Pt=P. Finally we can get the tridiagonal Hamil-
tonian

Htrd =1
a1 b1 0 ¯ 0 0 0

b1 a2 b2 � � 0 0

0 b2 a3 � � � 0

A � � � � � A
0 � � � aq−2 bq−2 0

0 0 ¯ ¯ bq−2 aq−1 bq−1

0 0 0 ¯ 0 bq−1 aq

2 s14d

where the diagonal elementsan sn=1,2,… ,qd are

hanj = sa1,a2,…,aq−1,aqd

= sls + ms,ls−1,ls−2,…,

l2,l1,lq,lq−1,…,ls+3,ls+2,ls+1 − msd

and the off-diagonal elementsbn sn=1,2,… ,q−1d are

hbnj = sb1,b2,…,bq−2,bq−1d

= Sms−1,ms−2,…,m1,
1
Î2

seikqm0 + mq−1d,

1
Î2

se−ikqm0 − mq−1d,mq−2,mq−3,…,ms+1D .

We numerically diagonalize theq3q matrices(14) and cal-
culate the band edge. We obtain the bandwidth distribution
PBswd by subtraction of them. The normalizations are

E
0

`

PBswddw= 1, kwl =E
0

`

wPBswddw= 1. s15d
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Similary, the gap distributionPGssd is obtained and the nor-
malizations are

E
0

`

PGssdds= 1, ksl =E
0

`

sPGssdds= 1. s16d

B. Bandwidth distribution on l=2

First, we study the bandwidth distribution along the criti-
cal line l=2. In Fig. 2, we plot thePBswd at sl ,md
=s2.0,0.4d for j =25, 27, 28 wherej is the index ofFj. It
shows a good convergence to a limiting distribution, indicat-
ing the existence of the limit of the bandwidth distribution at
the incommensurate fluxw. For 0øm,1, we find that
PBswd exhibits a continuous change. It has been concluded
[21] that the scaling property of the bandwidths is invariant
on this line, implying that the system belongs to the same
universality class. The continuous change means thatPBswd
is not a universal quantity.

In Fig. 2, one sees linear behaviors at largew, implying an
asymptotic form

PBswd , e−bw asw → ` s17d

whereb.0. The optimized values ofb are shown in Table I.
It suggests a quadratic dependence ofb on m. The best fit is
attained by a quadratic function,1.4−0.53m2 (Fig. 3). This
rather simple dependence may be related to the universality
class on this line.

PBswd is estimated to be zero at the origin. The inset of
Fig. 2 showsPBswd near the origin, indicating a power law.
To characterize this behavior, we make an ansatz of

PBswd , wa asw → 0 s18d

where a.0. The optimized values ofasmd are shown in
Table I. One sees that theasmd’s are stable, suggesting that
asmd is independent ofm at the incommensurate limit.

These numerical results suggest that the overall distribu-
tion is given by a generalized semi-Poisson form

PBswd = Awae−bw s19d

whereA is a normalization constant. The exact semi-Poisson
form, i.e., a=1, b=2, has been reported atsl ,md
=s2.0,0.0d [20]. Actually the normalization conditions allow

only one parametera with b=a+1 andA=sa+1da+1/Gsa
+1d. It is clear that such relations are not consistent with our
results as shown in Table I. Especially the semi-Poisson sta-
tistics witha=1 do not reproduce the index of the power-law
behavior around the origin atm=0. Using a one-parameter fit
by Eq.(19), we geta,0.7 for the overall distribution, which
is much smaller than that estimated by Eq.(18). For mÞ0,
we get similar deviations. Thus we may conclude that the
semi-Poisson form forPBswd is only an approximation to the
overall distribution.

C. Bandwidth distribution on m=1 and m=l /2

Next, we investigatePBswd on the other critical lines. It
turns out that the behaviors are different from those on the
critical line l=2. Figure 4 shows PBswd at sl ,md
=s1.0,1.0d. The largew behaviors do not show an exponen-
tial decay, but a milder one. Thus we make a generalized
ansatz of

FIG. 2. The bandwidth distribution atsl ,md=s2.0,0.4d, and the
one near the origin(inset) for severalq.

TABLE I. The optimized indices on the critical linel=2 and in
the critical region. For the definitions ofa ,b, andd, see Eqs.(17),
(18), and(22), respectively. Also the value ofa in the critical region
is defined as −a8.

l m a b d

2.0 0.0 2.5s±0.1d 1.39s±0.07d 1.5s±0.2d
2.0 0.1 2.5s±0.1d 1.41s±0.07d 1.5s±0.2d
2.0 0.2 2.5s±0.1d 1.39s±0.06d 1.5s±0.2d
2.0 0.3 2.51s±0.08d 1.34s±0.05d 1.5s±0.1d
2.0 0.4 2.51s±0.08d 1.35s±0.05d 1.5s±0.2d
2.0 0.5 2.50s±0.06d 1.26s±0.04d 1.5s±0.2d
2.0 0.6 2.52s±0.07d 1.26s±0.04d 1.5s±0.2d
2.0 0.7 2.54s±0.07d 1.12s±0.07d 1.5s±0.2d
2.0 0.8 2.52s±0.07d 1.05s±0.08d 1.5s±0.1d
2.0 0.9 2.48s±0.04d 0.98s±0.11d 1.47s±0.04d
2.0 1.0 1.2s±0.3d
2.0 2.0 −1.46s±0.06d 1.34s±0.07d
2.0 4.0 −1.5s±0.1d 1.1s±0.1d
2.0 6.0 −1.37s±0.08d 1.3s±0.2d

FIG. 3. m dependence of indexb along the critical linel=2 for
q=514 229.
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PBswd , e−bvg
asw → ` s20d

with 0,g,1. The optimized curve agrees well with the
obtained data(Fig. 4). The behavior near the origin is also
found to follow a power law(inset of Fig. 4). On the line
m=1, the indexa seems to be constant around 1.5. We find
that the numerical data on the critical linel=2m can be also
described by each ansatz(18) and(20). The indexa is stable
around 1.5 as in Table II, which is near the values on the
critical line m=1.

The overall distribution on the critical linesm=1 andl
=2m except for the bicritical point may be cast in the form

PBswd = Awae−bvg
. s21d

This form of distribution was suggested in Ref.[8] for the
level spacing distribution of disordered systems at the MI
transition. The normalization conditions constrain

b =1GSa + 2

g
D

GSa + 1

g
D2

g

andA =
gbsa+1d/g

GSa + 1

g
D .

Our analysis does not support these constraints. Again, we
tried a one-parameter fit varyingasgd in Eq. (21) with the
observed value ofgsad fixed. We got values much smaller
(larger) than the observed indicesa sgd around the origin(in
the tail) for all the points we studied on the critical linesm
=1 andl=2m.

D. Bicritical point

We also investigate the bicritical point atsl ,md
=s2.0,1.0d. We show the results in Fig. 5 atq=4181. The
convergence of the obtained distribution is slow, and we
have not got information about the incommensurate limit.

E. Bandwidth distribution in the critical region

The values ofa and g on the critical linesm=1 andl
=2m are considerably smaller than those onl=2 (g=1
there). This smallness ofa and g indicates the tendency of
PBswd on these critical lines to broaden both to the origin and
the tail compared toPBswd on l=2. This may imply that the

transport property becomes different whenm gets sufficiently
large. To supplement this observation, we investigate the
bandwidth distribution in the critical region[the region III in
Fig. 1(b)]. PBswd follows an inverse power lawPBswd
,w−a8sa8.0d there(Fig. 6). The values ofa8 are summa-
rized in Table I. This behavior sharply contrasts with the one
seen on the critical lines. The divergence ofPBswd at the
origin implies the dominance of relatively flat bands, indicat-
ing that in most of the bands the wave function is close to
being localized. Also, the power-law decay in the tail means
the appearance of bands whose wave function is close to
being extended.

F. Gap distribution

We also investigate the gap distributionPGssd. The gap
distribution at sl ,md=s2.0,0.0d is known to follow an in-
verse power law[24,25], which diverges at the origin,

PGssd , s−d s22d

with d,1.5. We findPGssd along the three critical lines and
in the critical region it also follows an inverse power law
(inset of Fig. 6). The values ofd are shown in Tables I and II.

IV. DISCUSSION

From the two-dimensional point of view, the next-nearest-
neighbor hopping term(m-dependent term) is dominant in
Eq. (9) in the critical region. Sincey translation is canoni-
cally conjugate tox translation in a uniform magnetic field,
the extension(localization) of the wave function in they
direction must be balanced by the localization(extension) in
thex direction to satisfy the uncertainty principle. Whenm is
small, thex dependence of the wave function is determined
by l, the anisotropic parameter for they direction. On the
other hand, whenm is sufficiently large, asm acts on thex
andy directions equally, the wave function is sensitive tom
in both itsx andy dependences. This makes the MI transition
in the critical region different from that on the critical line

TABLE II. The optimized indices for the bandwidth distribution
and level spacing distribution on the critical lines ofm=1 andl
=2m. For the definition ofg, see Eq.(20).

l m a g d

0.5 1.0 1.55s±0.14d 0.41s±0.04d 1.29s±0.08d
0.75 1.0 1.48s±0.17d 0.52s±0.08d 1.3s±0.2d
1.0 1.0 1.48s±0.12d 0.65s±0.07d 1.3s±0.2d
1.25 1.0 1.61s±0.17d 0.53s±0.05d 1.4s±0.2d
1.5 1.0 1.48s±0.13d 0.60s±0.07d 1.29s±0.10d
2.5 1.25 1.44s±0.10d 0.54s±0.06d 1.31s±0.10d
3.0 1.5 1.61s±0.13d 0.51s±0.04d 1.3s±0.2d
3.5 1.75 1.49s±0.14d 0.38s±0.04d 1.5s±0.2d
4.0 2.0 1.43s±0.13d 0.60s±0.06d 1.3s±0.2d
4.5 2.25 1.64s±0.15d 0.64s±0.03d 1.3s±0.3d
5.0 2.5 1.34s±0.19d 0.50s±0.04d 1.4s±0.2d

FIG. 4. The bandwidth distribution atsl ,md=s1.0,1.0d, and the
one near the origin(inset) for q=17 711.
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l=2, resulting in the increase of the bands close to being
localized as well as the bands close to being extended. Thus
the appearance of the inverse power law in the critical region
and the differences ofa and g among the critical lines are
consequences of the quantum nature of the system.

V. SUMMARY

We have seen that a systematic characterization by level
statistics for a quasiperiodic system is possible. We have in-
vestigated the bandwidthPBswd and gap distributionsPGssd
for one-dimensional quasiperiodic Schrödinger equations at
the MI transition and confirmed their variety as expected. We
did not find that the bandwidth at the critical state is distrib-
uted according to the semi-Poisson distribution. We found a
power lawPBswd,wa near the origin and a generalized ex-

ponential decayPBswd,e−bwg
sa ,b ,g.0d on the critical

lines, while in the critical regionPBswd follows an inverse

power law,w−a8 sa8.0d. We gave an explanation for this
variety of PBswd by the quantum nature of the system. The

surmise of a formPBswd=Awae−bwg
gives only an approxi-

mation. The gap distributionPGssd shows an inverse power
law ,s−d for the whole phase diagram. For the bicritical
point, we did not get a conclusive result.
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